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MINIMUM REPRESENTING MEASURES IN IDEMPOTENT 

ANALYSIS 


Abstract. We show that the set of max-plus measures representing a given 
max-plus harmonic vector has a least element. This may be viewed as an 
analogue of the uniqueness of the integral representation of harmonic functions 
in Potential Theory. As an application, we show how the distance-like functions 
of a metric space can be expressed in terms of the Busemann points of the 
metric boundary. 


1. Introduction 

In Idempotent analysis, one replaces the usual number fields with an idempotent 
semifield or semiring. This subject was initiated by Maslov and his collaborators 
and developed by many others. An account is given in m- Continuing in this 
tradition, a recent paper [2J develops an idempotent version of potential theory. The 
motivation was to find the set of solutions to the dynamic programming equation of 
an arbitrary deterministic Markov decision process with infinite time horizon and 
infinite state space. This equation takes the form 

Ui = sup(Ay + Uj) for all s£S, ( 1 ) 

jes 

where S is the set of states and the map A : S x S —> 1 U {—oo}, (*, j) i—> A i:i gives 
the reward obtained on passing from state i to state j. One searches for solutions 
u : S —> R U {—oo}, i i—> iq. 

A fruitful approach to solving (QJ is to regard it as a linear equation in the 
max-plus algebra. This is the set R max :=KU {—00} equipped with the addition 
operation max(a;, y) and multiplication operation x + y. Equation (JJ is the max- 
plus analogue of the equation defining harmonic vectors in Potential Theory, and 
for this reason we call its solutions “max-plus harmonic vectors”. The analogy is 
powerful; many results in Potential Theory have analogues. In particular, one has 
the following description, which appeared in j2j, of the set of max-plus harmonic 
vectors. 

One first defines the max-plus analogue of the Green kernel: 

A*j := sripjA^j + ■ • • + A in _ 1 j | n £ N, i 1,..., i n -1 £ S}. 

This gives the maximal weight of a path from i to j. One assumes that there is 
some basepoint b £ S from which every state is accessible, that is, > —00 for 
all j in S. The max-plus Martin space is defined to be the closure of the set of 
maps J(T := (A* — Ajy | j £ S} in the product topology. The max-plus Martin 
boundary is then defined to be \ Jd'. 
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Just as in potential theory, the description of the set of harmonic vectors is in 
terms of a particular subset of the max-plus Martin space, called the max- 
plus minimal Martin space. (The definition is recalled in the next section.) It was 
proved in [J that a vector u is max-plus harmonic if and only if it is of the form 

u = sup p(w) + w, (2) 

where p is an upper semicontinuous map from the minimal max-plus Martin space 
.# m to Umax, bounded above. One may view p as the max-plus analogue of the 
density of the spectral measure appearing in Potential Theory. The reader may con¬ 
sult [2| for background on max-plus measures. Unlike their classical counterparts, 
max-plus measures always have a density, which can be any upper semicontinuous 
function. In this paper, therefore, we will not distinguish between max-plus mea¬ 
sures and their densities. We introduce a piece of terminology: we say that a max- 
plus measure v on some subset D of./# represents a vector u if u = sup^ g£) £ + u(£). 

A major difference between the above result and its probabilistic version is that 
the representing max-plus measure might not be unique. A similar degeneracy 
causes problems when one tries to find representations for (max-plus) superhar¬ 
monic vectors. Recall that a vector u : S —> R max , i *—> Ui is superharmonic if 

ui > sup(Ay + uj) for all i G S. (3) 

jes 

If one was looking for a subset D of with the property that every superharmonic 
vector has a representing measure defined on D, then a natural choice would be 
D := L>y/ m , for two reasons. Firstly, this is an exact analogue of what one does 
in (probabilistic) Potential Theory |Hj. Secondly, as was shown in j2j, the elements 
of J# U ,/#' m are the normalised extremal vectors, in the max-plus sense, of the set 
of superharmonic vectors, just as in the probabilistic case. The problem is that it is 
trivial to find a representing measure on U^# m for every superharmonic vector u: 
one can take the upper semicontinuous hull of the map Jd —► M max , !>-> Ui. 

This problem stems from the fact that there are too many max-plus measures 
representing u. The solution is to be more demanding. We prove the following 
theorem. 

Theorem 1.1. Assume that S is countable and contains a basepoint from which 
every state is accessible. Let u £ R^ ax be max-plus superharmonic. Then, there 
exists a max-plus measure on JfT U representing u that is less than any 
other representing measure on this set. If u is max-plus harmonic, then the restric¬ 
tion of /i“ ln to represents u and is less than any other max-plus measure on 
.# m to do so. 

We call p,™ m the minimum representing measure of u. One can view the above 
result as an analogue of the uniqueness of the spectral measure in Potential Theory. 
Note that even if u is max-plus harmonic, p™ ln might not take the value — oo 
everywhere on J# \ We give an example of this in Section Q] 

The countability assumption is perhaps not necessary. However, a proof of the 
result in the general case would require different techniques. 

To illustrate our ideas, we will show how they apply in an important special case, 
that when the kernel A is determined by a metric. In this setting, the max-plus 
Martin boundary is just the boundary constructed by Gromov in uni, to which 
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Rieffel has given the name metric boundary PH- This boundary is discussed in gj, 
P|, and gj- Recent papers concerning it include [J], [S], IQ, P3], gBj, and |1 7| . 

Let (X,d) be a metric space with basepoint. A distance-like function is, accord¬ 
ing to Gromov ED, a function / from X to R satisfying 

inf d(x, y ) = f(x) — t for all x £ X and t < /( x), (4) 

yeL t 

where L t := {x € X \ f(x) < t,}. In ^Jj, Rieffel defines an almost-geodesic to be a 
function 7 from some unbounded subset T of R+ containing 0 to X such that, for 
all e > 0 , 

7 (s)) + d( r )/(s), 7 ( 0 )) -t\<e (5) 

for all t and s large enough with t > s. He uses the term Busemann point to 
describe (essentially) the pointwise limit of d(-, 7 (t)) — d(b, j(t)) as t tends to 00 , 
where 7 (t) is an almost-geodesic. 

We use Theorem 11. II to prove the following. Recall that a proper metric space 
is one in which the closed balls are compact. 

Theorem 1.2. Let (X,d) be a proper geodesic metric space and let B be its set of 
Busemann points. Then, a function f : X —> M is distance-like if and only if it can 
be written as 

f = inf h + v(h), ( 6 ) 

h£B 

where u : > R. U { 00 } is lower semicontinuous and bounded below. The set of 

all such maps v satisfying this equation for a fixed distance-like function f has a 
greatest element. 

Section Q recalls some definitions and Section 0 contains the proofs of the theo¬ 
rems. We finish with some examples in Section Q] 

The author would like to thank Stephane Gaubert and Marianne Akian for many 
stimulating discussions. 


2. Preliminaries 

We carry over from the Introduction the definitions of the Green kernel A *, the 
Martin space and the set JfT. We will also need the following definitions and 
notation from g]. 

The kernel 

Aij .— sup-fA^ —f— * * * —|— Ai n _ 1 j j n A 1, i 1 ,,.., i n —1 £ 

gives the maximal weight of a path from i to j of length at least one. So A A = A+ 
for all i,j € S, i ^ j , and AA = 0 for all i 6 S. We continue to assume that there 
exists some basepoint b G S' from which every state is accessible. The max-plus 
Martin kernel is 

K ■ — A* — A* 

1\ Z j . -™-bj • 

For any vector u, we use the notation 

limsupzij := inf sup Uj, 

K.j—*w W3w K .. eW 

where the infimum is taken over all open neighborhoods W of w in . Likewise, 

liminfu,- := sup inf w,-. 

>»• W3wK j €W 
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We say that a sequence (i n ) ne n in S converges to » £ J if K. irl converges 
pointwise to w. 

The max-plus minimal Martin space referred to in the Introduction is defined to 
be 


^ m := {w £ | H b (w,w ) = 0}, 


where 


H^(z, w ) := limsup liminf A^ + A+- — AT for all z,w £ ^ . 

K.^z K.j^w 

This notion is closely related to another contained in [2j, the notion of almost- 
geodesic. This is a path (ii)i>o such that, for some j3 £ R, 

< P + A* bio + A ioil + I- A ll _ lil for all l > 0. (7) 

Note that this is different from Rieffel’s definition of the term, given earlier. The 
two notions are compared in [2 Section 7]. We refer to /3 as the parameter of 
the almost-geodesic. It was shown in [2 that every almost-geodesic converges to 
a point in .,A/, rn . and, conversely, if is first countable, then, for any w £ 
there exists an almost-geodesic converging to w. 

A definition was also given of an almost-geodesic with respect to a superharmonic 
right-vector u. This is a path (ii)i>o such that, for some /3 £ R, 

u o < P A Ajgjj +•■•-)- Ai l _ 1 i l + Ui , for all l > 0. (8) 

Let u £ R^ax be a vector. The following max-plus measure /r™ ax : —> R max 

played an important role in J2]: 

/z™ ax (u>) := limsup A^- + Uj for w £ M . 

K.j^w 

The map p,™ ax is automatically upper semicontinuous and bounded above by the 
constant u b . In it was shown that p.™ ax |^™, its restriction to ( m , represents 
u and moreover that it is greater than any other representing measure on this set. 
We now give a formula for ^™ in . First, define a partial order =4 U on ^ by 

z s$ u w if Zj + n™ ax (z) < Wj + ^™ ax (w) for all j £ S. 

Next, define m u : U ^ m —> R max , 

. . I — oo, if there exists v £ ^ \ { 77 ) such that ri =4 U v, 

m u (v) '■= \ 

otherwise. 

Finally, take the upper semicontinuous hull: 

:= limsup m u (ry) for all £ £ J(T U.# m . 

77— 

The proof of Theorem 1 1. 11 will consist of showing that defined in this way has 
the advertised properties. 
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3. Proofs 


We begin with some lemmas concerning almost-geodesics. 

Lemma 3.1. Let (i ra )neN be an almost-geodesic with parameter e converging to 
£ G JT U J( m . Then 

n —1 

€(ib) < E A hh+i + £(*n) + e /or all n £ N. 
i=o 

Proof. That (i n ) n eN is an almost-geodesic means that 

TO —1 

< ^bi 0 + E e f° r all n S N. 

1=0 

We combine this with the triangle inequality A£ io + A* gin < Af, in and the fact that 
A* miri majorises the sum of the weights along any path from i rn to i n . We get that 

m— 1 

A * 0 i n - A bi n < E ^* 1 * 1+1 + A i m in ~ A bi n + e for a11 n, m £ N, m < n. 
i -o 

The result follows on taking the limit as n —> oo. □ 


Lemma 3.2 (change of basepoint). Let (i n ) n e n &e an almost-geodesic with param¬ 
eter e taking b as basepoint. Let j £ S be such that A* ig > — oo. Then (i n )ne N 
is also an almost-geodesic when j is taken to be the basepoint, and has parameter 

6 + A bi 0 ~ A bj ~ A ji 0 ■ 


Proof. Take Inequality 0 and use the fact that A* in < Al in — Af- for all n £ N to 
get that 

n—1 

A k < A k + E + ( £ + A k - A lj - A k ) fOT a11 « e N. 

;=o 

Note that the bracketed parameter cannot be +oo since both A* h ,- and A* ig are 
assumed to be finite. □ 


Lemma 3.3. Let (i n )ne N be an almost-geodesic converging to £ £ JtA Let 

j £ S be such that A*ji N > —oo for some N £ N. Then 

lim A *Hn + £(*«)=£(.?)• 
n —>oo 

Furthermore, if u is a superharmonic vector, then 

lim A k + = £C?) + /C ax (£)- 

n—> oo J 

Proof. By Lemma 7.2 of |2jj, the truncated path (i n )n>N is an almost-geodesic, and 
so by Lemma |^1 it is also an almost-geodesic when the basepoint is changed to j. 
Let e ^ 0. We use Lemma 7.2 of [2] again to deduce that, for n large enough, (v /J / > „ 
is an almost-geodesic with parameter e, with respect to basepoint j. Therefore 

A j im < A *ji n + A * n i m + e for n l ar S e enough. (9) 

Having established this inequality, we restore the status of basepoint to b. Sub¬ 
tracting A li m from both sides of @ and taking the limit as m —> oo, we find 
that 

£(j) < A* in + £(?' n ) + e for n large enough. 
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Since e is arbitrary, it follows that 

liminf A* jt +£(i n )>£(j). 

That the quantity £(j) is also an upper bound on the limsup may be obtained 
rather easily from the triangle inequality. This concludes the proof of the first 
statement. 

We know that Ui n > £(i n ) + M™ ax (£) from Lemma 3.6 of [3j. But for any S > 0, 

£(in) > A* nim - Al im -5 for to large enough. 

We use these two inequalities and m again to deduce that 

A* in + u ln > A* im - A* blm + ~e-S. 

Letting n go to infinity and using the fact that e and <5 are arbitrary gives us the 
required lower bound on the liminf. 

The upper bound on the limsup is easy: 

C(j) + /C aX (£) = limsup A* p +u p > limsup A* in + u in . 

>£ n—>oo 

Thus, the second statement is proved. □ 

Lemma 3.4. Assume that is first countable. Let £ £ and j £ S. Let u be 
a superharmonic right vector. Let A > 0. Then 

A> Uj - £(,’) - *C“(0 (10) 

if and only if, for all e > 0, there exists an almost-geodesic with respect to u, starting 
at j, converging to £, and having parameter A + e. 

Proof. ( => ) Suppose the inequality above holds. By Proposition 7.6 of 2J, one 
can find an almost-geodesic (i n ) n e n converging to £. We see from Lem ma id .21 that 
this is also an almost-geodesic when the basepoint is taken to j and from Lemma 7.2 
of l 2| that we may take its parameter e to be as small as we wish. So 

n— 1 

Aj in < A* io + ^ A ilil+1 + e for all n £ N. (11) 

1=0 

Now take b to be the basepoint again. By Lemma 13.31 

A* jin + u ln > £(j) + /C ax (£) - e for n large enough. (12) 

Let {ii)-N<i< o be some finite path starting at i-N = j and ending at i o, such that 

-l 

^Mi+i — Aj io — e. (13) 

l=-N 

Combining Inequalities (EBb HU. o. and we get that 

n—1 

Uj < A + 3e + ^ Ai t i l+1 + m n for n large enough. (14) 

l=—N 

But 

n—1 

+ u i n < U lm for all n and to such that —N < m < n. 

l=m 
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So, 

m—1 

Uj < A + 3e + ^ Aj ; j i+ i + m m for all m > — N , 

l=-N 

in other words ( im)m>-N is an almost-geodesic with parameter A + 3e with respect 
to u. This proves the first part of the lemma since e can be chosen arbitrarily. 

{<=) Suppose now that, for any e > 0, an almost-geodesic (* n )n€N exists with 
the properties specified in the statement of the lemma. Then we have 

Uj < A* in + Ui n + A + e for all n £ N. 

To get the desired inequality, take the limit as n —► oo using Lemma 13.31 and use 
the fact that e is arbitrary. □ 

Observe that if S is countable, then is metrisable and hence first countable. 
In the proofs of the next two lemmas, we will use the following notation: 

« max (i,0 :=£(*)+aC“(£)» 

«"(*,£) :=£(*)+ KC) and 

Hhj) '■= A *j +u(j) 

for all i,j £ S and £ £ U . 

Lemma 3.5. Assume that is first countable. Then, m u is less than or equal to 
any max-plus measure on U representing u. 

Proof. We know from Theorem 6.1 of i,2] that p,™ ax restricted to JfTU ,M m is greater 
than any other max-plus measure on U..# m representing u. Therefore the lemma 
will be proved when we show that no max-plus measure v on U ./0A n satisfying 
v ^ m u and v < /z™ ax can represent u. 

For such a v, there exists some £ £ Jff U ./M m such that i/(£) < m u (£). So 
m u (£) > — oo . One consequence of this is that there does not exist w' £ \ {£} 

such that tt/ >: £. Another is that m u (£) = /x™ ax (£). 

To avoid having to deal separately with the case where £ is in and the case 
where it is in we use the following trick: we assume that An = 0 for all i £ S. 
We can do this without losing generality because the Martin kernel Kij does not 
depend on the diagonal entries of A, and so neither does JfT, nor .M, nor whether 
or not a given measure represents a given vector. The only effects of setting the 
diagonal entries of A to zero are to make all superharmonic vectors harmonic and 
to expand to include JfT. In particular, JfT U remains the same. 

So now £ £ By Proposition 7.6 of |2|, there exists an almost-geodesic 

converging to £ with parameter e > 0 as small as we wish. Lemma |S3] implies that 

n— 1 

rc"(*o, £) < e + 5Z Ai mim+ 1 + K v (i n , £) for all n £ N. 

m —0 

Since v is upper semicontinuous, and £(*o) is continuous in £, we see that «"(*(), •) 
is upper semicontinuous. Therefore, for any S > 0, there exists a set G C 
containing £ that is open in and such that 

k"(*o, v) < £) + 8 for all iq £ G. 

Since iq is superharmonic, 

n?(io, iq) > A* gin + K v {i n , iq) for all iq £ and n £ N. 
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We deduce from the previous three inequalities that 

k 1 '(i n , rf) < K u {i ni £) + 6 + e for all 77 £ G and n £ N. 

By choosing 5 + e < — u(£), we deduce that 

sup K v (i n , rj) < £(i n ) + m u (£) = K max (i ni £) for all n £ N. (15) 

??eG 


Let 

L n := sup K max (i n ,w) for all n £ N. 

w£^ rn \G 

For any 6 > 0, there exists a sequence (rj n ) ne ^ in \ G such that K max (i n , r] n ) > 
L n — S for all n £ N. Let j £ S. By the superharmonicity of rj n , 

« max (j, Vn) > A* jin + K max (i n , r] n ) for all n £ N. 

Also, Lemma roi tells us that, for any e > 0 , 

K max (j,£) < A* in + K max (i n ,£) + e for n large enough. 

Putting these inequalities together, we get that 

tt max (j, Vn) > L n - 5 + K max (i, 0 - e - K max (*n, £) for n large enough. (16) 

The sequence ( r ] n ) n must have at least one limit point 77 , which will necessarily 
lie in ^\G and will therefore differ from £. Let (rjm)ieN be a subsequence of (r ] n ) n& n 
converging to 77 . Taking the limit infimum of lITTil along (rynJieN and using the fact 
that K max (j, •) is upper semicontinuous, and S and e are arbitrary, we conclude that 

« max (j, r{) - « max (j, £) > lim inf {L n , - «““(*„,, 0) for all j £ S. 


Since 77 >^ u £, the left-hand side is strictly negative for some j £ S, and hence 

lim inf (L ni - n max (i n ,,£)) < 0- 

l —^OO 

So by choosing l large enough we can find neN such that L n < n max (i n , £). 

Recall that v < [Tfj ax , which implies that k v < K max . Applying this and us¬ 
ing (O, we see that 

sup K v (i n ,w) < K max (i n ,(,). 

By Lemma 3.6 of J2J, k max (i n ,0 < u{i n ), and so we have shown that v does not 
represent u. □ 

Lemma 3.6. Assume that S is countable. Let u £ R^ ax be a harmonic vector. 
Then the restriction rn u \^ m of m u to represents u. 


Proof. Let (* ra )„gN be a sequence in S that returns to each element of S infinitely 
often. Let I n := U^ l T. 1 0 { i m } be the set of states visited up to time n. We use the 
following inductive procedure to define a sequence {j n )ne n in S and two sequences 
(e n )„ 6 N and (<5 rl ) rlg N of positive reals. 

To initialise, we choose arbitrarily j 0 in S, and eo and So greater than zero. 

The induction step consists of the following four sub-steps: 

Step 1. Define the set of states 


Z n +1 :={s£S | k(i,s) > k(i,j n ) - £n 

A inS + U S> U jn - 


for all i £ I n , and 


( 17 ) 
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Step 2. Choose j n +1 G Z n+ 1 such that 

k{in, jn+i) > sup k(i n ,s)-~. 

sez„ + i n 

Step 3. Choose a finite path p( n+1 ) := pg" +1 \ ... of some length N n+ i > 1 

that starts at j n = Pq" + 1 * and ends at j n +i = such that 


-^n + 1 — 1 

m=0 

S'tep Choose e ra+ i such that 

0 < e„ + i < e n + k(i,j n+ 1 ) - k(i,j n ) for all i G J n 
Choose 5„+i such that 

AT n+ i-l 

0 ^ *^71+1 ^ T U'jn +1 ^jn T A (n+1) (n + 1) . 

z J / 7 m + 1 

m=0 


(18) 


(19) 


( 20 ) 


A few remarks necessary to demonstrate that this construction is possible. Step 2 
requires Z n+ \ to be non-empty. To see that it is, we use the fact that, since u is 
harmonic, there exists r n+ \ G S such that 

A tm+i + Ur n+i > u jn - min(<5„, e n ). ( 21 ) 

That r n + i satisfies the second inequality in the definition of Z n+ 1 follows imme¬ 
diately. That it satisfies the first follows from combining m with the inequality 

SO r n +i is in Z n+1 . 

To see that Step 3 is possible, we need only observe that, since j n+ 1 was chosen 
to be in Z n+ 1 , it must satisfy 


At 


JnJn+l 


- 


In Step 4, the choice of e„+i is possible again because j n +i G Z n+ 1 , and so 
the right-hand-side of © is positive. The choice of <5„+i is possible because m 
implies that the right-hand-side of is positive. 

Denote by p the path obtained by concatenating the paths G N. For 

all n G N, let t n := N m +i be the place at which the finite sequence p( n+1 ) 

starts within p. Adding together the inequalities obtained from ®) by varying n 
from 0 to to, we get that 


tm +1 — 1 

0 < 5 m + 1 < <5o + Uj m+ 1 - Uj 0 -1- ^ A p lPl+1 for all mGl 

;=o 


In other words, p is an almost-geodesic with respect to the right vector u , with 
parameter Sq. Therefore, by Corollary 7.5 of H it converges to some £ G ,.<# m . By 
Lemma 13.41 

So>u jo -K™(jo,Z). (22) 

We must show that there is no 77 G ^ different from £ such that 77 £. So, 

let 77 G ,/Z be such that 77 £. Let s G S. Choose a strictly increasing sequence 

(n q ) q eN in N such that i Uq = s for all q G N. 
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Now we add together the inequalities obtained from m by varying n from n q 
to to, where m>n q . We obtain that 

0 < e Uq + k{i,jm+ 1 ) + k(i,jn q ) - £m +1 for all q G N, i G I nq , and m > n q , 

and that the right-hand-side is increasing in m. So, taking the limit infimum as 
to —i oo using Lemma, IT3il yield s 

0 < e Uq + K max ( 7 ,£) - k(i,j nq ) - limsupe m+ i for all q G N and i G I nq . 

m—>oo 

Since 77 y u £ and the last term is non-positive, 

K max (i,ri) > k(i,j nq ) ~ e nq for all q G N and * G (23) 

We apply the same procedure to Inequality m- Adding the inequalities from 
n = n q to n = m yields that 

0 < 8n q + u jm+1 - Uj nq + Aj jm+i - S m+ 1 for all q G N and m>n q 

and again that the right-hand-side is increasing in to. Taking the same limit as 
before gives 

0 < Sn q + N max (jn,, £) - u j nq - lim SU P <W 1 for all q G N, 

m —>oo 

and using 77 £ again gives 

K ma *(jn q ,v) > Ujn q - Sn q for all q G N. (24) 

It follows from Equations lt23l) and | 2 ^|) that, for any q G N, any element £> of 
S such that K.^ is close enough to 77 will be in Z n So there exists a sequence 
(</><j)ijeN in S converging to 77 such that <p q G Z nq+ 1 for all q G N. Since K max (s, •) 
is the upper-semicontinuous hull of k(s. •), we may insist that this sequence satisfy 
additionally Hindoo k{s,4> q ) = K max (s, 77 ). For this sequence, 

k(s,jn ,+ 1 ) > k(s, c/> g ) - — for all q G N. 
n q 

Taking the limit as q —> 00 , we see that K max (s,£) > n max (s, r/). 

Since this holds for all s G S, we conclude that 77 and £ are identical. So we have 
proved that no element of distinct from £ is greater than £ in the ordering < u . 
It follows that to u (£) = /r™ ax (£). Combining this with l122[l . we get that 

Ujo < £(jo) + m u{€) +^o 

< sup w(j 0 ) + m u (w ) + S 0 . 

w€z.y$ rn 

Since <5o and jo may be chosen arbitrarily, this establishes that 

u. < sup K. w + m u (w). 

w(£^ m 

The opposite inequality follows from the fact that /x™ ax represents u and that 
m u < M™ ax - □ 

Proof of Theorem, 1 1.11 Suppose u G K^ ax is (max-plus) harmonic. Lemma 13.61 
shows that m u \j(m. represents u. Since /u™ m | lies between m u and 7 i™ ax | , 
and both these measures represent u, it must do so also. If v is a measure on 
that represents u, then its upper semicontinuous hull D is a measure on U 
that represents u. So then m u < v by Lemma roi and so /i™ ln < v. Taking the 
restriction to yields that /x™ m = v. 
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In order to make Lemma noil applicable in the case where u is a superharmonic 
vector, we will employ a trick used in the proof of Lemma 001 Recall that setting 
the diagonal entries An; i £ S to zero does not change the Martin kernel Kij, 
nor .#, nor whether a given measure represents a given vector, but that the new 
minimal Martin space .# m is equal to JL LL# m and now all superharmonic vectors 
are harmonic. So we may apply Lemma Id.fil to conclude that 

u = sup m u (w)+w= sup m u (w)+w, 

in other words, m u represents u. So /i™ also represents it. It was proved in 
Lemma ES3 that m u is less than or equal to any measure on U.# m representing 
u. It follows that the same is true of p r f un . □ 

Lemma 3.7. Let ( X , d) be a separable metric space with a basepoint and let u 
be a max-plus harmonic function with respect to the kernel A defined by A xy := 
—d(x,y) for all x and y in X. Then, there exists a max-plus measure /Lt™ ln on ,#™ 
representing u that is less than any other such measure. 

Proof. Unfortunately, we cannot apply Theorem ll. ll directlv since X is not a count¬ 
able set. To get around this problem, we take a countable dense subset S of X, the 
existence of which is guaranteed by the assumption that X is separable. We may 
assume that the basepoint is in S. 

Since u is max-plus harmonic, it is 1-Lipschitz. So, for all x G S, 

u(x) = sup A xy + u(y) = sup A xy + u{y). 
y&x y£S 

Thus u|s is max-plus harmonic with respect to the kernel C := ^4|s x s- 

We now need to investigate the relationship between .#™ and .#™, the max- 
plus minimal Martin spaces associated to, respectively, A and C. Clearly, any 
almost-geodesic of the kernel C is also an almost-geodesic of A , and its limit in 
,.#™ is just the restriction to S of its limit in ,.#™. On the other hand, let (x n ) ne ^ 
be an almost-geodesic of A converging to £ £ and let (enjngN be a sequence 
of positive real numbers satisfying Y^Lo €n < 00 • O ne can fi n d a sequence (y ra ) n e n 
in S satisfying d(x n ,y n ) < e n for all n £ N. It follows that (y n )ne n is an almost- 
geodesic of C and converges to £|s. 

So we see that the elements of are exactly the restrictions to S of the 

elements of.-#™. Taking this restriction is a bijection since all the elements of.#™ 
are Lipschitz and S is dense. Therefore, for any max-plus measure p on .#™, the 
map Ji: —> K ma x, £ e->• ^(^|s) is a max-plus measure on .#™. 

If p represents u\s, then we deduce from all of the above that, for x € S, 

u{x)= sup p(£)+£(x). 

But both sides are Lipschitz in x, and so the same equation holds for all x in the 
closure of S, that is X. Therefore, JI represents u. 

The converse is clear: if JI is a max-plus measure on .#™ representing it, then p 
represents u\s- 

The result now follows immediately from the existence, given by Theorem I I .11 
of a minimum representing measure on .#JJ* for u\s- □ 

Proof of Theorem ] l.A Since X is proper, it is also separable, and so its set of ho- 
rofunctions is metrisable. Therefore, for any horofunction /, there is an unbounded 
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sequence ( 2 ra )neN in X such that /„(•) := d(-,z n ) — d(b,z n ) converges to /. Let 
x £ X and fsRbe such that t < f(x). 

Since f n (x) < d(x, y) + f n {y) for n £ N and y £ X, we have that 

f{x) < d{x , y) + f(y) < d(x, y ) + t for all y £ L t . 

Since X is a geodesic space, we can find, for each n £ N, a geodesic line segment 
7 n : [0, d(x, z n )j —* X from x to z n . So, when d(x,z n ) > /( x) — t, we can take a 
point y n in X such that 

d(x, z n ) - d(y n , z n ) = d(x, y n ) = f(x) - t. (25) 

All these points lie inside the closed ball of radius f(x) — t centered at x, which is 
compact by assumption. So, by taking a subsequence if necessary, we may assume 
that (yri)ne n converges to some point y £ X. The continuity of the distance function 
gives that d(x,y) = f(x) — t. It remains to prove that y £ L t . We have that 

d(x, z„) — d(b, z n ) —► f(x) and d(y, z n ) - d{b, z n ) —> f(y) 

as n tends to cxd. Combining these with lt2ol) gives that f(y) = t. 

So, we have proved that every horofunction is distance-like. In particular, this 
is true for Busemann functions. 

Now suppose that / is of the form 

f(x) = inf f a (x) for all x £ X, 

a&I 

where f a ; a £ / is some family of distance-like functions on X. Then, 

f(x) = inf inf d(x, y) +t = inf d(x, y) +t for all x £ X, 
aeiyeLf y£l) a £i L ? 

where Lf := {y £ X : f a (y) < t} are the corresponding level sets. For all t £ R 
and e > 0 such that t + e < f(x), we have that 

U L t c L t c u £“+« 

a(zl qG/ 

and so 

f(x)> inf d(x,y)+t> inf d(x,y)+t = f(x) — e. 

y&\Jcei L ?+^ 

Since e can be chosen as small as we like, we see that / is distance-like. 

So we have proved that the set of distance-like functions is closed under arbitrary 
infima. It is also closed under addition of a constant. It follows that every function 
of the form given in m is distance-like. 

Now assume that a distance-like function / : X —> R is given. We will show that 
—/ is max-plus harmonic with respect to the kernel A defined by A xy := — d(x,y) 
for all x and y in X. Let x and y be in X. If f(x) < f(y), then 

~f(x) > A xy - f(y) (26) 

since A is non-positive. On the other hand, if f(x) > f(y), then Q holds with 
t = f(y). It follows that f(x) < d(x,y) + f(y), and so (El holds in this case also. 
So —/ is max-plus superharmonic. 

That — / is max-plus subharmonic follows immediately from the fact that A xx = 
0 for all x £ X. 
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Let e > 0 and let (e„)„ e n be a sequence of positive reals such that 6n < e - 
Starting at any Xq € X , choose a sequence (x n ) ne rj in X such that 

/(x„+i) < f(x n ) - 1 and 1 < d(x n , x n+1 ) < 1 + e (27) 

for all n S N. One can see that this is possible by taking, for successive n G N, 
t = f(x n ) — 1 in 0 and choosing x n +i in L t at a distance from x n close to the 
infimum. 

For all n £ N, 

n —1 n —1 

E x n+\) <n + J2^<n + e< /(x 0 ) - f(x n ) + e. 

2=0 2=0 

It follows that (a; n ) n gN is an almost-geodesic in the sense of 10 of the kernel A with 
respect to the function —/, having parameter e. 

So, by Corollary 7.5 of [2], (x„) ne N converges to some point £ in From 
and (1271) . d(xo,x n ) > f(x o) — f(x n ) > n, and so (x n ) n£ N is unbounded. It then 
follows from Proposition 7.10 of [2j that — £ is a Busemann point. (Beware of the 
different sign convention used there.) 

Returning to the fact that (x n ) rae N is an almost-geodesic with respect to —/, we 
use Lemma, HOI to deduce that 


-/(xo)<<£(x)+ M “f(0 + e. 

But e is arbitrary, and so 

-/(x 0 ) <sup(-r;(x)+^f(r 7 )). 

Since the opposite inequality holds by Lemma 3.6 of (2j and since Xq is arbitrary, 

f= inf : n - pTf ( V ). 


Recall that the map /z“j x |b is upper semicontinuous by construction. We deduce 
from the fact that f(b) = inf ve s r )) that — is bounded below. We have 

thus proved the first statement of the theorem. 

Let — B := {—h : h £ B}. Since S is proper, we may apply Corollary 7.11 of (2[ 
to get that — B = We may also deduce from the same fact that is open 

in .M . see |15| . It follows that —B is closed in .M rn . So the map /i : —> R max 

defined by 




—oo, 


if £ e —B, 
if £ £ JT 


is upper semicontinuous and hence a max-plus measure on . It represents — / 
since /r™y x |~b does. The fact that S is proper implies that S is also separable, so 
we may apply Lemma. ITTI to conclude that there exists a max-plus measure on 
representing —/ that is smaller than any other such measure. In particular, 
/i™ must take the value — oo outside —B. So ^i ™ n |~b is a max-plus measure 
on — B representing — / and it is clearly less than any other such measure on — B 
representing —/. The greatest lower-semicontinuous map v satisfying m is given 
by ' □ 
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4. Examples 


If S is finite, then it is known |2j that is equal to either A i ™ ax (^) or 

—oo for any superharmonic vector u and any £ € . This is not necessarily true 

however when S is infinite, as the following example shows. 


Example 4.1. We take S := N 2 and 


-A(x,y)(w,z) • < 


-1 
-1 
— OO 


if x = w and z = y ± 1, 

if (y = 0 or y = 1) and x = w ± 1, 

otherwise. 


We choose the basepoint to be (0,0). A simple calculation shows that the max-plus 
Martin boundary 38 consists of the infinite set of vectors a n \ n £ N 

CL . S > I^max; (*D y) 1 * |*E n| T (2d xn 1) \y 11 T U. T 1 

together with the vectors 

b° : S —► K m ax, (x, y) h-> x - y and b 1 : S -> M m ax, (x, y) h-> x - \y - 1| + 1. 

Here S xn is the Kronecker delta, which takes the value 1 when x = n and zero 
otherwise. All these points are in . 

Define the vector 


:S 


o (a ’,y) 


x — y if y = 0 or y = 1, 

^x + y — 4 if y > 2. 

It is easy to see that u is max-plus superharmonic. One calculates that 
M “ ax (a n ) = —4 for all n G N, 

fC ax (&°) = o, 
b 1 ) = —2. 


The vectors a n ; n € N are all maximal with respect to the partial ordering and 
so m u agrees with /x™ ax on these vectors. The same is true for b°. On the other 
hand, b 1 3 U b° and so m„(& 1 ) = — oo. However is not —oo because b 1 is 

the limit of the sequence (a n )„ e n- In fact, H™ ln (b l ) = —4. The vectors a"; n £ N 
and b° are isolated, which implies that 

fC a (a n ) = -4 for all neN, and /if n (&°) = 0. 

□ 


Our second example shows that, unlike the situation in probabilistic potential 
theory, the minimum representing measure of a max-plus harmonic function may 
have weight outside .J/, m . 

Example 4.2. We take S := {1,2,... } U {oo} and 

! l/i — 1 /j if j < i and j < oo, 

— 1 if i = 1 and j = oo, 

—oo otherwise. 

Our basepoint is oo. A simple calculation reveals that 

l/i if j<i, 
l/i — 2 otherwise 


Kij = 
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and also that 

.M = {K j | j £ 5} and 
= {K.j | 1 < j < oo}. 

Although K .oo is not in ^ m , it is the limit of the sequence (K.j)j^, which is 
contained within 

Consider the vector u defined by iq := 0 for all i £ S. It is easily verified that u 
is max-plus harmonic. One calculates that /z™ ax (iC.j) = —1 /j for all j £ S. So, 

\l/i—l/j — 2 otherwise. 

It follows that -< u is the identity relation, in other words, no two distinct elements 
w and z of satisfy w A u z. So, = m u = /z“ ax . □ 
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